Super-matrix KdV and super-generalized non-linear Schrödinger equations are shown to arise from a symmetry reduction of ordinary self-dual Yang-Mills equations with supergauge groups.
Introduction
It has been known for some time that many completely integrable systems in 1 + 1 dimensions can be obtained by symmetry reduction of self-dual YangMills (SDYM) field equations in the four-dimensional Euclidean space E 4 or the (2, 2) pseudo-Euclidean space E (2, 2) , which corresponds to R 4 endowed with the diagonal metric : diag(+1, +1, −1, −1) [1, 2] . Super-extensions of known integrable systems in 1+1 dimensions have also been obtained from supersymmetric SDYM field equations by means of symmetry reduction [3, 4] .
Some insight into this relationship can be achieved by examining the linear system associated with the non-linear SDYM equations. Both the SDYM and its associated linear system are invariant under conformal as well as gauge transformations. Therefore, the integrability conditions of the linear system reduced by a subgroup of the conformal group coincide with the similarly reduced SDYM field equations. This fact makes the linear system invaluable in the study of the reduction of the SDYM field equations to known integrable systems by means of symmetry. Indeed, to show that the SDYM field equations give rise to a known integrable system, one only needs to find the appropriate reduction symmetry, gauge group, and linear system. Accordingly, a linear system for an integrable system can be revealed if the reduction steps from the SDYM equations to the integrable system are applied to the SDYM linear system.
Linear systems known as Lax pairs have also been useful in the study of (super-) integrable systems in 1 + 1 dimensions and their associated hierarchies [1] . Lax pairs constructed from general techniques (e.g. refs. [5, 6, 7] ) can 1 sometimes be utilized to help find the symmetry reductions of SDYM equations which lead to known (super-) integrable systems. In fact, ref. [8] showed that a super-generalized non-linear Schrödinger (super-GNS) equations can be obtained from symmetry reduction of SDYM systems with gauge group SL(2/1) using the methods of ref. [6] .
However, in general the Lax pairs may involve a (spectral) parameter, Consequently, the super-(matrix) KdV as well as the super-GNS equations can be obtained from a symmetry reduction of SDYM systems with a supergauge group. This could be seen as a supersymmetric extension of the SDYM reductions to the KdV and NS equations presented in [12] . It is noteworthy that after symmetry reduction the ordinary SDYM equations acquire a supersymmetry associated with spatial translations.
A theory-based procedure for finding linear systems associated with the 2 super-matrix KdV is not shown here. Our results were obtained by considering the most general possible supergauge fields along with some guidance from the non-supersymmetric case.
SDYM Linear System
We begin with a principal bundle P (B, G). The base space B is E (2, 2) , and the structure group G is a supergroup of even dimension m and odd dimension n.
The gauge potential A µ , where µ ∈ {1, . . . , 4}, is Lie superalgebra (cf : [13, 14] )
valued:
Here x ∈ B, and {M a , a ∈ {1, . . . , m}} represent the even and {N α , α ∈ {1, . . . , n}} the odd basis elements of the Lie superalgebra. We will restrict our attention to gauge potentials which are pure, i.e., either anti-commuting (a-type) or commuting (c-type).
The SDYM field equations, F = * F , are a set of nonlinear partial differential equations in terms of the gauge fields. Here F = dω + ω ∧ ω is the curvature 2-form associated with the 1-form ω = A µ θ µ where {θ µ } is a basis of T * B and * is the Hodge operator or duality transformation associated with the (2, 2) pseudoEuclidean metric. It is recalled that the self-dual field equations considered involve gauge fields with both bosonic and fermionic variables coupled by the field equations.
There exists a linear system of partial differential equations whose integra-3 bility condition reproduces the non-linear SDYM equations. The linear system can be written
where Following [10, 11] , we introduce null coordinates on E 2,2 defined by
In these coordinates, the covariant derivatives become
Consequently, the linear system (2.2) on B = E (2,2) decouples: We are particularly interested in the subgroupG = {P u , P y − P z }, where P X denotes the generator of translations along the X coordinates, e.g. P X = ∂ ∂X as a (vector field) representation. Reducing (2.5) byG leads to the O(ω 2 ) linear system [10, 11]
where x := (y + z). The integrability condition of (3.1) yields
Equations (3.2) coincide with the similarly reduced SDYM field equations.
1 One may consult refs. [16, 17, 18, 19, 20, 21, 22, 23] for a complete description of the general symmetry reduction method including details concerning general invariance conditions on gauge fields and the holomorphic nature of Ψ.
Example: Super-Matrix KdV Equations
The compatibility condition (3.2) for the reduced linear system can be used to exhibit a super-extension of the matrix KdV equation. We consider a SDYM theory with supergauge group G = GL(2n/n) and choose the following gauge fields:
Here a 21 := 3u 2 n + u n,xx − 3ϕ n ϕ n,x , a 33 := ϕ n,xx + 3ϕ n u n , A z−y := A z − A y , u n is even, ϕ n is odd, and θ is an odd parameter. The n subscript indicates an n × n matrix.
Substituting (3.3) into (3.2) yields super-matrix KdV equations:
ϕ n,t = ϕ n,xxx + 3(ϕ n u n,x + ϕ n,x u n ).
These super-matrix KdV equations reduce to the ordinary matrix KdV equation [24] when ϕ n = 0, and they are invariant under the supersymmetry transformations:
Moreover, when n = 1, (3.4) reduces to the super-KdV equations [25] :
Linear systems for the super-matrix KdV equations can also be constructed for the gauge groups SL(2n/n) and SL(n/n). Noticing that the right-hand sides of (3.4) are total partial derivatives, the construction is rather simple. For SL(2n/n) we have
The case SL(n/n) is obtained from (3.7) by deleting the third rows and columns, and adjusting A z and A t by moving the odd parameter θ over to the even components. When n = 1, one can delete the first rows and second columns to obtain a linear system for the super-KdV equations.
Example: Super-Generalized NS Equations
The supersymmetric version of the generalized non-linear Schrödinger equations related to the symmetric space SO(3)/SO(2) presented in refs. [6, 26] can also be obtained by the same reduction with gauge group SL(2/1). Let us recall the invariant gauge field components of the nonlinear system (3.1) [8] :
where
x ad A z ), the bosonic field Φ = φ 1 + ψ 1 θ, the fermionic variable ξ = ψ 2 + φ 2 θ, and
The corresponding reduced SDYM equations can be written as [6, 26] :
They are left invariant under the supersymmetry transformations [6, 26] : 
Note Added in Proof
After submission of this work, ref. [37] , which uses a different formulation to obtain N = 2 supersymmetric matrix (1, s)-KdV hierarchies, was found on the hep-th archives.
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